We propose and experimentally demonstrate dynamic nonlinear optical holograms by introducing the concept of computer-generated holograms for second-harmonic generation of a structured fundamental wave with a specially designed wave front. The generation of Laguerre-Gaussian second-harmonic beams is investigated in our experiment. Such a method, which only dynamically controls the wave front of the fundamental wave by a spatial light modulator, does not need domain inversion in nonlinear crystals and hence is a more flexible way to achieve the off-axis nonlinear second-harmonic beams. It can also be adopted in other schemes and has potential applications in nonlinear frequency conversion, optical signal processing, and real-time hologram, etc. DOI: 10.1103/PhysRevA.96.023801
The holography technique [1, 2] , which records the amplitude and phase of a wave from an illuminated object, has been developed for decades since it was proposed. In the linear-optical field, it has been widely used in optical tweezing [3, 4] , microscopy [5] , quantum information [6] , and optical communication [7, 8] . Moreover, it has also blossomed and yielded fruit in many other fields as a powerful tool of wave shaping, such as acoustics [9, 10] , microwaves [11] , electron beams [12, 13] , and surface-plasmon-polariton waves [14] . In some fields, with the development of modulators, the holography technique has been pushed to the dynamical manipulation of the amplitude and/or phase of the wave, leading to the emergence of computer-generated holograms (CGHs). Nevertheless, in other fields, the development of the dynamic nature of the holography technique seems to have come to a standstill.
In recent years, shaping a generated wave front of a light wave via nonlinear processes has attracted more and more interest, with a variety of methods having been proposed. One of the methods was to design the spatial structure of nonlinear photonic crystals (NPCs) to shape the phase of the generated second-harmonic (SH) beam [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The holography concept has also been introduced to the nonlinear field by shaping the nonlinear light wave in one-dimensional (1D) or 2D manners [16] [17] [18] . In addition, nonlinear volume holography has also been proposed and realized in recent years [19, 20] . Another method to shape the nonlinear light wave was assisted by a functional facet [28] . However, in these works, attention is paid to the design of the NPCs or the functional facet, which lacks flexibility owning to complex fabrication and the unchangeable spatial structure of the media. The disadvantage can be mitigated by introducing a technique capable of manipulating the light wave front in a dynamical way to the nonlinear holography. * ylzheng@sjtu.edu.cn † xfchen@sjtu.edu.cn
In previous research, a few works focused on controlling the nonlinear light wave by varying the input fundamental beam [29] [30] [31] . We also proposed that a specially designed structured fundamental wave (FW) could be used to generate a nonlinear Raman-Nath SH dynamically [32] . The method allows for the dynamical control of the structure of the FW by utilizing a spatial light modulator (SLM). Moreover, the modulated FW can propagate along any direction of a bulk nonlinear medium. This is important for highly efficient second-harmonic generation (SHG) by utilizing larger components of the χ (2) tensor. Hence, this method can naturally be expected as a potential way to realize dynamic computer-generated nonlinear optical holograms.
In this paper the concept of dynamic computer-generated nonlinear optical holograms is proposed and experimentally demonstrated. When a FW beam with an intentionally modulated wave front passes through a bulk nonlinear medium, a wave front with the desired amplitude and phase can be obtained in the first order of the SH. In our experiment, amplitudemodulated Laguerre-Gaussian (LG) (including LG 10 and LG 20 ) SH beams are generated in the first order. In addition to the amplitude-modulated case, a meaningful and interesting case of only a phase-modulated vortex beam is analyzed with the topological charge l SH = ql 1 for the qth (m + n = q)-order SH. Another case of LG 11 with both the modulated amplitude and phase is also generated in the experiment.
The phase of the FW is modulated in the form
, which supposes that the FW propagates along the z direction. Here r = x x + y y, ϕ = tan −1 (y/x) is the azimuthal angle, f (r,ϕ) = | r|cos(ϕ)/ is the frequency of the carrier function, b(x,y) and φ(x,y) are the functions of the amplitude and phase of the encoded information, respectively, and k 1 is the wave vector of the FW. For the long-period modulation of the FW, its diffraction can be negligible in a sufficiently short medium. In the experiments, the modulated period of the FW and the length of the crystal are 78 μm and 0.5 mm, respectively, which meets the condition of nondiffraction according to the analysis in [32] . Under the nondiffraction approximation, the expansion of a Fourier series of such a FW can be written as
We define the expression of the SH wave as
where A 2 , k 2t , and k 2z are the amplitude and transverse and longitudinal wave vectors of the SH, respectively. According to the coupled wave equation, the evolution of the SH wave is directly given by [17, 32] 
where
and ϕ(x,y) = qφ(x,y) are the respective amplitude and phase of the generated SH, which is the Fourier transform (FT) of the desired wave front in the qth diffraction order. Hence, the phase information of the FW can be directly achieved for a given SH beam. However, it is completely different from the linear or nonlinear CGH in Ref. [18] , To demonstrate the concept of dynamic computergenerated nonlinear optical holograms, we chose to design the structure of the FW aimed to generate three modes in the LG families, i.e., LG 10 , LG 20 , and LG 11 , in the first diffraction order. The transverse spatial distribution of LG modes propagating in the z direction is
where C
LG lp are the normalized constants of LG beams, ω(z) = ω 0 1 + (zλ/πω The experimental setup is shown in Fig. 1(b) . The laser source was a Nd:YAG nanosecond laser at a wavelength of 1064 nm. A half-wave plate HWP 1 and a polarization beam splitter were used to control the polarization and intensity of the FW. Lenses L 1 and L 2 were used to expand and collimate the FW incident onto the SLM. The SLM had a resolution of 512×512 pixels, each with a rectangular area of 19.5×19.5 μm 2 . The updating speed of the nonlinear holograms was determined by the refresh rate (75 Hz) of the SLM. The half-wave plate HWP 2 was used to control the polarization of the FW. The FW was imaged by a 4-f system (consisting of L 3 and L 4 ) to imprint the modulated wave-front pattern onto a χ (2) crystal. The beam waist was reduced to 2 mm. After the crystal, the short-pass filter (F) was used to filter out the FW. The +1 order of the SH was obtained after a spatial filter. Finally, the generated SH beam was projected on a screen in the far field and recorded by a camera. For simplicity and without loss of generality, the sample of a 5 mol % MgO:LiNbO 3 thin bulk crystal was used (0.5 mm thick). The FW was kept as o polarized and the process was type I (oo-e) phase matched. The FW propagated along the birefringent phase matching (BPM) direction (at room temperature, the angle is 75°with respect to the c axis of the crystal, according to the Sellmeier equation in [33] ).
According to the analysis, the designed phase structures of the FW shown in Figs. 2(a) (x,y) . When the FW is modulated in the form of a fork-shaped structure with phase φ(x,y) = ml 1 ϕ, the topological charge of the SH is l SH = ql 1 for the qth (m + n = q) order. It means that the orbital angular momentum is added through the nonlinear process, so a fork-shaped phase-modulated fundamental beam can be converted to a series of SH vortex beam that is the same as that in the fork-shaped NPCs, as in [17] . Interestingly, although it is a SH process, it still possesses a linear grating property, in which l SH = ql 1 for the qth-order SH. In fact, the orbital angular momentum of the SH [l SH = ql 1 = (m + n)l 1 ] comes from different orders of FWs.
In addition to the phase-modulation case, another meaningful and interesting case of the SH vortex beam, namely, the LG 11 SH beam, carrying a topological charge of l = 1, is studied, in which the amplitude and also the phase modulation are studied at the same time. The profile of the calculated LG 11 beams is illustrated in Fig. 2(f) and the experiment result is shown in Fig. 3(c) .
The cross section of the simulated (solid red curve) and measured (dashed blue curve) intensities was also compared, shown in Figs. 3(d)-3(f) , corresponding to LG 10 , LG 20 , and LG 11 , respectively. In fact, there are two factors that can cause the distortions with respect to the theoretical simulation. First, free-space holograms are usually optically thin, thereby providing a well-defined plane of amplitude and phase patterns for the illuminating free-space beam. The reason for the SH distortions may be that the thickness (0.5 mm in our experiment) of the nonlinear crystal in the propagation direction cannot be neglected. Second, the inaccuracy of the 4-f system in the experiment, in which the phase structure of the FW cannot be accurately imprinted onto the nonlinear crystal, may also cause the distortion of the generated SH beams.
In our method, the FW source used is a Nd:YAG laser producing 4-ns pulses at a 20-Hz repetition rate at a wavelength of 1064 nm. The energy of one pulse of the laser is 1 mJ. In principle, the total conversion efficiency, calculated for average power, of such BPM in the propagating direction is 18.5% W −1 and the measured one is approximately 12.5% W −1 . The predicted conversion efficiency for peak power is 1.48×10 −6 % W −1 and the measured one is 1×10 −6 % W −1 . The percentages of the desired SH beams are 9.28%, 9.81%, and 19.15%, corresponding to LG 10 , LG 20 , and LG 11 , respectively. The lower conversion efficiency in the experiment mainly comes from the Fresnel losses at the nonlinear crystal facets. In the case of the SH shaping method along the transverse direction of a binary modulated NPC [17, 18] , the conversion efficiency for average power and peak power are about 10 −7 % W −1 and 10 −12 % W −1 , respectively. With the absence of key parameter information about the laser in Refs. [17, 18] , it is difficult to compare the conversion efficiency for the same conditions. However, we believe that the conversion efficiency of our method is much higher under the same conditions, such as the same length of the crystal and the same parameters of the laser, because, under the same conditions, the different conversion efficiency mainly arises from the scheme of the phase matching manner between our method and Refs. [17, 18] , which are BPM and nonlinear Raman-Nath phase matching, respectively.
The method of dynamic computer-generated nonlinear optical holograms introduced in this paper features many advantages over the off-axis nonlinear SH shaping in NPCs. Limited by the domain inversion technique [34] , only 1D SH LG 20 , and (c) LG 11 and cross section of the simulated (solid red curve) and measured (dashed blue curve) intensities corresponding to (d) LG 10 , (e) LG 20 , and (f) LG 11 . beam shaping can be realized [15, 19, 21, 26] using quasiphase matching schemes. The method to realize 2D SH shaping proposed by Shapira and co-workers is that of the fundamental Gaussian beam propagating along the z axis of NPCs [16] [17] [18] 20] . However, the quite low conversion efficiency is caused by the phase mismatch. Our method not only allows for shaping the amplitude and phase of the SH at the same time in 2D cases, but also possesses a higher conversion efficiency than the methods in [16] [17] [18] 20] as the FW can be propagating along any direction of the nonlinear crystal (in this paper, the FW propagates along the BPM direction). However, it should be mentioned that, for the purpose of keeping the nondiffraction assumption valid, long transverse modulated periods of the FW and the sufficient short interaction length need to be satisfied at the same time. These two factors limit the conversion efficiency and spatial frequencies of the generated SH pattern in our method.
Dynamic computer-generated nonlinear optical holograms can be used to dynamically generate arbitrary shapes of beams and are not limited to only LG beams, such as the Airy beam [35] . They also can be employed for other desired wave fronts and provide full control of the amplitude and phase of the converted beam dynamically.
In conclusion, we proposed and experimentally demonstrated dynamic nonlinear optical holograms by introducing the concept of CGHs for SHG of a structured FW with a specially designed wave front. In our experiment, amplitudemodulated LG (including LG 11 and LG 20 ) SH beams were generated. In addition to the amplitude-modulated case, the case of only a phase-modulated vortex beam was analyzed with the topological charge l SH = ql 1 for the qth (m + n = q)-order SH. Another case of the LG 11 SH beam with both the modulated amplitude and phase was also generated in the experiment. Such a method does not require domain inversion for nonlinear crystals, only dynamic control of the phase of the FW by a SLM, and hence is a more flexible way to achieve the off-axis nonlinear SH beams. It also can be adopted in other schemes and has potential application in nonlinear frequency conversion, optical signal processing, real-time hologram, etc.
